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Lecture 13: Z Scores

Z scores

Z scores are great. Z sores allow us to avoid the hassle of memorizing algebra rules. At the
end of lecture 12 “Normal Distribution,” we took 4 different scores and placed them on a
single distribution so we could compare them. That was a lot of work. Thankfully we have a
formula that allows us to quickly compare scores with different means and SD’s...

As long as we have a mean and standard deviation, z scores allow us to compare individual
scores on a single distribution where the mean =0 and each standard deviation is expressed
as +1, -1, etc. A z score of +1 =1 SD above the mean. A z score of -1 = 1 SD below the
mean. A z score of O = the score is right on the mean.

The Standard Normal Distribution (SND) or “normal curve”
Recall from the readings, lecture 12 “normal distributions,” that the standard normal distribution is the

same as the normal curve.

The standard normal distribution is special type of normal distribution for a continuous
random variable Z with a common dimension. This is the distribution upon which our z-
scores convert to, if you will.

In the standard normal distribution
e mean=median=mode
e sd=1 and mean =0

In the SND we also have a formula to convert any “raw score” to a z score. The most
common z score formula is for population data below but we have more

_x-=m
z = —
S
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Z score formulas
Population data (most common)

_x-=m
z=
S

x = the raw score or the “test score”
¢ =population mean

o = population standard deviation

Test Scores from Lecture 12

Area test score Mean SD
x it o
management 90 90 5
service 75 80 10
computers 60 50 5
writing 81 76 10

We did a whole lot of algebra at the end of lecture 12 (Normal Curve). And figured out that the
person’s score were best in computers, followed by writing, management, and service

1. computers

2. writing

3. management

4. customer service

But we can use the z formula to avoid all that algebra. Simply plug the information in to the z formula.
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z-scores for all 4 tests
Below | plug the information for all 4 tests into the z formula:

_x-=-m
Z——
management
score (X)= 90 z= x-mean= 90 - 90 =
mean= 90 sd 5
sd= 5
service
score (X)= 75 z= x-mean= 75 - 80 =
mean= 80 sd 10
sd= 10
computers
score (X)= 60 z= x-mean= 60 - 50 =
mean= 50 sd 5
sd= 5
writing
score (X)= 81 z= x-mean= 81 - 76 =
mean= 76 sd 10
sd= 10

So to summarize those calculations:
z (management) =0

z(service) =-0.5

z(computers)= 2

z(writing)= 0.5
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What do these z-scores tell us?
These z —scores allow us to compare all 4 tests on “the z distribution” where the mean =0 and each

unit of standard deviation =1. Converting those 4 tests to z scores allows us to skip all that math from
the end of lecture 12! And we can do the same thing: compare all the test scores (when the mean
and standard deviation is the same).

The sign (+ or -) is important! Here is what those z scores mean in plain English.

z (management) =0 this z score says the test score was right on the mean (look at the first table in
this lecture. Recall their score was 90 and the mean =90).

z(service) =-0.5 this z score says that the test score is one half of one standard deviation BELOW
the mean. Recall this z score is NEGATIVE. That is why it is BELOW the mean.

z(computers)= 2 this z score says that the test score is 2 standard deviation ABOVE the mean.
Recall this z score is POSITIVE. That is why itis ABOVE the mean.

z(writing)= 0.5 this z score says that the test score is one half of one standard deviation ABOVE
the mean. Recall this z score is POSITIVE. That is why it is ABOVE the mean.

Another explanation of z scores.

Here is another way to understand z scores. A z of 1 corresponds to one SD. Az of 0.5
corresponds to %2 of a SD, a z of 0.1 corresponds to 1/10 of a SD and so on and so on. Negative z
scores indicate that the item is “below” the mean and positive z scores indicate it is above the mean.
A z score of 0 indicates that the score is right on the mean.

So, a z score of +1 = 1 SD above the mean. A z score of -1 =1 SD below the mean. Az
score of 0 = the score is right on the mean. See the book for the best pictures, but one is

included below.

one standasd
devaton

[

source: http://www.sci.sdsu.edu/class/psychology/psy271/Weeks/psy27 Tweek06.htm
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Look at the picture below. Notice how the z-score and “raw score” can be on the same dimension. In
the picture below the z-score of 0 is the same as the mean for the t-score line of 50. Thus pretend the
t-score line is the “X” or “raw score” dimension where the mean = 50 and a SD=10. On the z
dimension the mean =0 and every standard deviation is expressed as a unit of one. That is why the
z-score of +1 (1 SD above the mean) is equivalent to a raw score (t-score) of 60. In the raw score

dimension the mean is 50 and every standard deviation is 10. So the mean +1 SD = 50+10=60.

| I | | I I ol I |
Percetile 1 S 10 20 30 40 50 &0 7O &0 40 95 49

| | I I | | I | | | I | |
Standard (7] Score 30 .25 .20 15 0 05 0 05 10 15 200 25 30

| | I I | | I | | | I | |
TScore 20 25 30 35 40 45 50 55 GBS 70 7580

I I I I I I I I I I I
Sten 1 2 3 4 5 7 B 4 10

Percentiles, 2 Score, T Score and Stens

source: www.psychometric-success.com/images/PT0502.gif

Practice computing a few z-scores

Here is some data to practice doing a few z scores.
X=50

n=50

s=10

_x-m 50-50 _ 0

S - 10 B 10 =0 (see how z-score of O falls right on the mean?)

z
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X=60
m=50
s=10

_x-m 60-50 _10

Z - — .

S - 10 10 1 (see how z-score of +1 is 1 SD above the mean?)
X=40
/=50
s=10

x-m 40-50_ -10

zZ = ) = - _1 |

S 10 10 (see how z-score of -1 is 1 SD below the
mean?)

z scores and probability

Once you have a z score you can look it up in a table and find out the area between the z
score and the mean under the standard normal distribution curve (normal curve). Look at our
book. Some z score tables give you the area under the curve between the mean and the z-
score. In the picture below .3413 or 34.13% of the whole curve lies between the mean and a
z score of +1.

This is the formula for In every normal distribution
converting o given value 0.3413 of its total area lies
of x into its corresponding

£ 85C0re:
X - B

between the mean and
Zz=10

£

= GH

Values of 2 v
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SOUrCe: http://genome.imim.es/~eeyras/courses/MasterUPF/SplicingRegulation/

Some z tables give the area under the curve from the z-score out towards the tails of the
curve. In the picture below, the area from a score of 1.2 out to the tails of the curve is 0.1151
or 11.51% of the whole area under the curve.

=120
Area under the normal curve is also probability!

As you can see in the picture below, the area between z=+1 and the mean (z=0)= 0.3413 or 34.13%.
That means that 34.13% of the curve lies in that area. We can use the area under the normal curve
to make probability statements.

Pretend there is a test where the scores are “normally distributed.” For example, there is a 34.13%

chance that a score picked at random will fall between the mean [z=0] and 1 sd above the mean
[z=+1].
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This is the formula for In every “Cff"""iﬂ distri
converting o given value 0.3413 of its total are

of x info its corresponding IJE!T‘I."'.I’E!EI"IETI"IE]F;]‘IECIFI
Z score: :

Z
X

Values of 2 v

source: http://genome.imim.es/~eeyras/courses/MasterUPF/SplicingRegulation/

normal curve is symmetrical So negative z scores the same as positive z scores

| do not have a picture of a negative z-score, but because the normal curve is symmetrical, the area

between a the mean and z=+1 is the same area as a that between the mean and z=-1. The area

between mean and z= -1 is also 34.13%.

So the opposite of the above test example is also true. Pretend there is a test where the scores are
“normally distributed.” There is a 34.13% chance that a score picked at random will fall between the
mean [z=0] and 1 sd BELOW the mean [z=+1].

FOR INPERSON CLASS (online can ignore but you will become familiar with these z-scores
as you do practice problems in this class:

two very important z scores are 95 and 99%

95% z=1.96=.4750 draw

99% z=2.575=.4950 draw

(note problem of 3 digits)
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Z table 1 (area from mean to z score)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0

0.00399

0.00798

0.01197

0.01595

0.01994

0.02392

0.0279

0.03188

0.03586

0.1

0.03983

0.0438

0.04776

0.05172

0.05567

0.05962

0.06356

0.06749

0.07142

0.07535

0.2

0.07926

0.08317

0.08706

0.09095

0.09483

0.09871

0.10257

0.10642

0.11026

0.11409

0.3

0.11791

0.12172

0.12552

0.1293

0.13307

0.13683

0.14058

0.14431

0.14803

0.15173

0.4

0.15542

0.1591

0.16276

0.1664

0.17003

0.17364

0.17724

0.18082

0.18439

0.18793

0.5

0.19146

0.19497

0.19847

0.20194

0.2054

0.20884

0.21226

0.21566

0.21904

0.2224

0.6

0.22575

0.22907

0.23237

0.23565

0.23891

0.24215

0.24537

0.24857

0.25175

0.2549

0.7

0.25804

0.26115

0.26424

0.2673

0.27035

0.27337

0.27637

0.27935

0.2823

0.28524

0.8

0.28814

0.29103

0.29389

0.29673

0.29955

0.30234

0.30511

0.30785

0.31057

0.31327

0.9

0.31594

0.31859

0.32121

0.32381

0.32639

0.32894

0.33147

0.33398

0.33646

0.33891

1

0.34134

0.34375

0.34614

0.34849

0.35083

0.35314

0.35543

0.35769

0.35993

0.36214

11

0.36433

0.3665

0.36864

0.37076

0.37286

0.37493

0.37698

0.379

0.381

0.38298

1.2

0.38493

0.38686

0.38877

0.39065

0.39251

0.39435

0.39617

0.39796

0.39973

0.40147

13

0.4032

0.4049

0.40658

0.40824

0.40988

0.41149

0.41308

0.41466

0.41621

0.41774

14

0.41924

0.42073

0.4222

0.42364

0.42507

0.42647

0.42785

0.42922

0.43056

0.43189

15

0.43319

0.43448

0.43574

0.43699

0.43822

0.43943

0.44062

0.44179

0.44295

0.44408

1.6

0.4452

0.4463

0.44738

0.44845

0.4495

0.45053

0.45154

0.45254

0.45352

0.45449

1.7

0.45543

0.45637

0.45728

0.45818

0.45907

0.45994

0.4608

0.46164

0.46246

0.46327

1.8

0.46407

0.46485

0.46562

0.46638

0.46712

0.46784

0.46856

0.46926

0.46995

0.47062

1.9

0.47128

0.47193

0.47257

0.4732

0.47381

0.47441

0.475

0.47558

0.47615

0.4767

2

0.47725

0.47778

0.47831

0.47882

0.47932

0.47982

0.4803

0.48077

0.48124

0.48169

2.1

0.48214

0.48257

0.483

0.48341

0.48382

0.48422

0.48461

0.485

0.48537

0.48574

2.2

0.4861

0.48645

0.48679

0.48713

0.48745

0.48778

0.48809

0.4884

0.4887

0.48899

23

0.48928

0.48956

0.48983

0.4901

0.49036

0.49061

0.49086

0.49111

0.49134

0.49158

24

0.4918

0.49202

0.49224

0.49245

0.49266

0.49286

0.49305

0.49324

0.49343

0.49361

2.5

0.49379

0.49396

0.49413

0.4943

0.49446

0.49461

0.49477

0.49492

0.49506

0.4952

2.6

0.49534

0.49547

0.4956

0.49573

0.49585

0.49598

0.49609

0.49621

0.49632

0.49643

2.7

0.49653

0.49664

0.49674

0.49683

0.49693

0.49702

0.49711

0.4972

0.49728

0.49736

2.8

0.49744

0.49752

0.4976

0.49767

0.49774

0.49781

0.49788

0.49795

0.49801

0.49807

29

0.49813

0.49819

0.49825

0.49831

0.49836

0.49841

0.49846

0.49851

0.49856

0.49861

3

0.49865

0.49869

0.49874

0.49878

0.49882

0.49886

0.49889

0.49893

0.49896

0.499

3.1

0.49903

0.49906

0.4991

0.49913

0.49916

0.49918

0.49921

0.49924

0.49926

0.49929

3.2

0.49931

0.49934

0.49936

0.49938

0.4994

0.49942

0.49944

0.49946

0.49948

0.4995

33

0.49952

0.49953

0.49955

0.49957

0.49958

0.4996

0.49961

0.49962

0.49964

0.49965

34

0.49966

0.49968

0.49969

0.4997

0.49971

0.49972

0.49973

0.49974

0.49975

0.49976

3.5

0.49977

0.49978

0.49978

0.49979

0.4998

0.49981

0.49981

0.49982

0.49983

0.49983

3.6

0.49984

0.49985

0.49985

0.49986

0.49986

0.49987

0.49987

0.49988

0.49988

0.49989

3.7

0.49989

0.4999

0.4999

0.4999

0.49991

0.49991

0.49992

0.49992

0.49992

0.49992

3.8

0.49993

0.49993

0.49993

0.49994

0.49994

0.49994

0.49994

085600

85000

85600

3.9

8:5000

0:5000

0:5000

8:5000

85000

05000

05000

05000

05000

0:5000

4

85600

850600

85000

85000

05000

85000

85000

85000

85000

85600

yellow cells mean z smaller than .4999
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Z table 2: areas in z score “tail”
z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0 0.5 0.496 0.492 0.488 0.484 0.4801 0.4761 0.4721 0.4681 0.4641
0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
0.2 0.4207 0.4168 0.4129 0.409 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.352 0.3483
0.4 0.3446 0.3409 0.3372 0.3336 0.33 0.3264 0.3228 0.3192 0.3156 0.3121
0.5 0.3085 0.305 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.281 0.2776
0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
0.7 0.242 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
0.8 0.2119 0.209 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.166 0.1635 0.1611
1 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379
1.1 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.123 0.121 0.119 0.117
1.2 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.102 0.1003 0.0985
1.3 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
14 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
1.5 0.0668 0.0655 0.0643 0.063 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559
1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
1.7 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.025 0.0244 0.0239 0.0233
2 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183
2.1 0.0179 0.0174 0.017 0.0166 0.0162 0.0158 0.0154 0.015 0.0146 0.0143
2.2 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.011
2.3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
2.4 0.0082 0.008 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
2.5 0.0062 0.006 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048
2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.004 0.0039 0.0038 0.0037 0.0036
2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.003 0.0029 0.0028 0.0027 0.0026
2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.002 0.0019
2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
3 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.001 0.001
3.1 0.001 0.0009 0.0009 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007
3.2 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005
3.3 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003
3.4 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002
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Practice
Everything that appears in these lecture notes are fair game for the test. They are the best “study

guide” | can provide. It is impossible to provide a “list” that is more comprehensive than the lecture
notes above. There are practice problems here in this lecture and additional practice problems in the

lecture 13b: practice problems (13b practice.pdf) associated with this lecture.

z-table and z scores mini exercise

The purpose of this exercise is to

1. learn how to read the z-table. In Statistics: A First Course by Sanders and Smidt the z-table is
inside the front cover (and in Appendix 2) and is called “Areas Under the Standard Normal Probability
Distribution." Here is a link to a z_table and there is also a link in our course schedule. You could
also google the term "z table™ and come up with a ton of them.

2. and to do various exercises using that table.

When you are done with this exercise you should be able to:

¢ |ocate a z-score on the table and tell how much area (or probability!) is between that score and
the mean.

e tell how much area is between two z-scores -- or variations on that theme.

e compute a z-score for a value given that value, its mean, and it's standard deviation.

Reading the Table

This should be pretty straight forward if you use a litle common sense. The z-scores are given by
increments of 0.1 (or tenths) down the left hand vertical column and for increments of 0.01 (or
hundredths) across the top horizontal row. Use the various combinations of tenths and hundreds to
find the exact z-score you are looking for. For example, for a z-score of .2 the area between that
score and the mean is .0793. For a z-score of .23 the area between that score and the curve is
.0910. Here is a portion of the table:

z 00 01 02 03
0.0  |.0000 0040 0080 0120
01 |.0398 0438 0478 0517
02 [o793 0832 0871 | 0010] |

Find the z score for .4500 or 45%
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https://laulima.hawaii.edu/access/content/user/hallston/341website/ztable.pdf

As you will see the area of . 4500 or 45% will be used a lot in this course. But you can’tfind itin a z-
table that only gives you two digits (100ths). The area for .4500 is somewhere between the z-scores
of 1.64 and 1.65. See part of the table below:

16 4452 4463 4474 4484 4495 4505

What do you do? You take a mean of the two scores. | will show you the math below, but the easy
way is to add a 0.005 to the end of the smaller z-score: 1.64 +0.005=1.645. So “add a five” to the
end of the smallest z-score. Here is the math
1.64 +1.65/2= 3.29/2=1.645.

Areas (or Probabilities) Under the Curve

When given a z-score we can find out the area under the curve (between that score and the mean) .
For example, for a z-score of 1.0 the area under the curve is .3413 or 34.13% of the whole. A picture
of this concept is provided below:

Answers to the 4 questions that follow are below.

1. What is the area under the curve for a z-score of -1.0? (draw a picture)

2. What is the area under the curve between .5 and 1.2? (Hint: you have to use subtraction to solve
this problem.)

3. Which z-score will have a greater area under the curve -- .2 or 1.5? (Hint: draw a picture)
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4. Convert these “raw scores” to z-scores. For all problems, the mean = 5 and the standard
deviation =10.

10, 20, 30, 40.
answers:
1. 3413% 2. .3849-.1915=.1934 3. 15 4. 5/15,25,35

More practice z-score exercises (answers below):
Recall the additional practice problems lecture 13b: practice problems (13b_practice.pdf) linked in our
course schedule.

1. The scores on the SAT test are normally distributed and thus resemble the shape of the z
table. What is probability that a SAT test score selected at random will fall within plus or

minus 1 sd from the mean? How about for SAT test score of plus or minus two 2?

2. We have a randomly selected raw score=50 mean=40 sd=10 what is the z score and

what is area under the curve to right of this score?

3. Random raw score 80 mean =50 sd=10 This test score is better than what percentage
of all scores?
a. x1 =80 mean=60 sd=10 x2=40 mean=45 sd=5 which score is better?
b. using the answers in 3a., what is the area under the curve between these two z
scores?

4. The area of .1700 lies under the curve of a NEGATIVE z score. What is that z score?
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5. The C&C of Honolulu regularly gives fithess tests to applicants to be lifeguards. It is called
the “1,000 x1,000” and they have to run 1,000 yards on the sand and then swim 1,000
yards all in less that 25 minutes. [This fitness test is a real thing but | made up the
numbers]. Let’s pretend for the North Shore they only will take fittest 10%. On the West
Side they will only take the fittest 20%.The scores are normally distributed with a mean =
22 minutes and a standard deviation of 4 minutes. What is the cutoff time to get stationed
on the North Shore? What is the cutoff time to get stationed on the Best Side — err West
Side? HINT: alower time means you are more fit as you finish in a lower time!

Use x=p+zo

6. The scores on the SAT test are normally distributed with mean =500 and sd=100. Your

professor in this class scored 500 in math and 450 in verbal. What are his z scores for

each test?

7. What percentage of people who took the SAT scored better than your professor on math?
Conversely, what percentage of people did your professor score better than on math?
What percentage of people who took the SAT scored better than your professor in verbal?

Conversely, what percentage of people did your professor score better than on verbal?

Answers to practice z-score exercises
1. z of plus or minus 1=68% z of plus or minus 2 = 95.44%

2. ANSWER z=1 15.87% area to the right (100-84.13=15.87) or another way to figure the answer out
is 50-34.13- 15.87 Test 4 100%

3. test score the z=3 and it is better than 99.87% of all scores (.4987+.5=99.87)
3a. x1 is better score because its z=2 and it's two SD above mean. x2 has a z score of -1.
3b. .4772+.3413=.8185 0or 81.85% [ Z1=+2(.4772) Z>=-1 (.3413)]

4.-44

S5.Xx=p+zoc

mean = 22 SD=4.

West Best Side z=-.845 . x= 22 +-.845 (4) = 22-3.38=18.62 minutes [you would not be tested on
this but approx. 18 min 37 sec]
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North Shore. Z=-1.285. x= 22 +-1.285 (4) = 22-5.14=16.86 minutes [you would not be tested on this
but approx. 16 min 52 sec]

North Shore
128.45 is the test score cut off
6. math: 2222 -0 —  yerpal: 2205090 _ _ 5

100 100 100 100
7. math: professor scored worse than 50% and better than 50% of people who SAT math because

his math z score =0 and is right on the mean or the middle of bell curve. Look at z score of 0.

.5000 .5000

verbal: z-score of -0.5. Area from table =.1915 or 19.15%. So professor scored better than
people to the left of that. 50%-.19.15%= 30.85% He scored worse than 19.15% + the 50%
on the right side of curve = =50 + 19.15 = 69.15%

1915 .5000
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